Coordination of Heterogeneous Multi-agent Systems
via Blended Dynamics Theorem
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consensus = synchronization :

i) = ;(8)]| = 0, Vi, j

lim
t—o0

flock of animals biological organ networked robots

Q1 How consensus gives rise to emergent behavior?
Q2 How consensus gives rise to robustness of group behavior?

Q3 How the agents perform different tasks in coordination?
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Q1. How consensus gives rise to emergent behavior?

emergent behavior «— diversity (heterogeneity) + consensus

Consider N agents:

T; = fi(xi,t) + ui(t), ieN:= {1, ce ,N}

agent vector field  signal enforcing consensus

Assumption A*: 30 = [01,--- ,0n]T, 6; > 0, such that

N

N
291 =1 and ZOlul(t) = 0, Vt.
=1

=1

Example: u;(t) = k> cp;, ((t) — 2i(t)) under strongly connected graph
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Assumption A* allows decomposition of x; as
T = 2o+ R;Z, Vie N
where
L ~ T . . . . Zo
Zp 1= Zﬁimi, Z=0Q : i.e., coordinate change: P &
i=1 N TN

Multi-agent system in new coordinates:
fo =Y 0ifi(zo+ RiZ,t)

fi(zo + RiZ,t) Uy
=0 +Q'
fn(zo + RiZ,t) UN

If Z(t) = 0, then z,(t) is governed by the emergent dynamics:

N
5= Z 0;fi(s,t) (blended dynamics)
i=1
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We need stability of the blended dynamics

In practice, Z(t) # 0, but enforced consensus guarantees

lim ||Z2(t)[| =0 or limsup ||Z(t)]| <€

t—o0 t—o0

In order for z,(t) of
N
2o =Y 0ifi(20+ RiZ,t)
i=1
to follow s(t) of

N
§= 0:ifi(s,;t)  with 5(0) = 2,(0),
=1

we require that the blended dynamics is stable.
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List of input signals that enforce consensus while satisfying A*

1. Linear coupling

Sign coupling

Pl (Proportional-Integral) coupling
Linear coupling in discrete-time
Impulsive gossip coupling

o0

For simplicity of today's presentation, let the graph be undirected and connected:

(2

T

Ou

Then, A* holds with 6; = 1/N, and the blended dynamics has the form of

1 &
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Blended dynamics theorem: Linear coupling

(JY Kim, Yang, S, & Kim, ECC 2013), (JY Kim, Yang, S, Kim & Seo, TAC 2016)

= fi(xs,t +]<JZ = Ti), , €R", ie N
JEN;

Theorem: If the blended dynamics

N

.1 7
s = N Zfi(sat> =: f(s,1)

i=1
is contractivel, then Ve > 0, 3k* such that, with k& > k*,

limsup [|z;(t) — s(t)|| <€, Vi e N.
t—00

= T
IP >0 s.t. (gﬁ (s, t)) + (g(s,t)> P < -, Vs, Vt.
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Blended dynamics theorem: Edgewise signum coupling

(JM Seong, PhD thesis, 2024) <+ (Franceschelli, Pisano, Giua, & Usai, TAC 2014)

T; = fi(il?i,t) +k Z Sgn(:cj — -Tz)
JEN;

Theorem: If the blended dynamics

1 N
1=

is contractive, then 3k* such that, with k& > k*,

lim [|z;(t) — s(t)]| = 0, Vi e N.

t—o00
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Blended dynamics theorem: Pl (proportional-integral) coupling

(SJ Lee & S, AUT 2022), (TK Kim, Lee, & S, TAC 2024)

i = fizi ) + k) (zj—z)+k Y (&)

JEN; JEN;

§=—k> (x;— )

JEN;

Theorem: If the blended dynamics

1 N
=1

has an exponentially stable equilibrium s*, then 3k* s.t., with k£ > k¥,

lim ||z;(t) — s*|| = 0, Vie N.
t—r00
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Blended dynamics theorem: Discrete-time case, linear coupling

(JW Kim, Lee, Lee & S, AUT 2024) <+ (Wang, Liu, Morse, & Anderson, CDC 2019)
t: discrete-time index

PRI RUCHCH t=0 mod k,
" il + 6> jen; (j[t] — zift]), otherwise §: small positive

Theorem: If the blended dynamics:

LN
slt+1] = N Z fi(s[t]) (blended dynamics)

i=1
is contractive, then Ve, 3k* s.t. with £ > k*,

lim sup ||x;[kt] — s[t]|| < e, Vie N.

t—o00
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Blended dynamics theorem: Edgewise impulsive gossip coupling

(Tanwani & S, CDC 2021), (Tanwani, S, & Teel, under review)

Image credit: Tom Morris
2 A 74

x; = fi(xi, t) + Z wé(t — ) ANod

JENG, t5,€Ti; 2 ,

where 7;; is the collection of jump times determined by the timers:
Tij = k, 7;; € [0,1], for every (i,j) € £ &

TZ-—}_ € [0, 7], ;€ {1}, Tm: small positive <

Theorem: If the blended dynamics

1 N
i=1
is contractive, then Ve, 3k* such that, with & > k*,
limsup ||z;(t) — s(t)|| < e, Vie N.
t

—00
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Blended dynamics theorem: Output coupling

(JG Lee & S, AUT 2020) < (Panteley & Loria, TAC 2017)

Zi = gi(zi, w4, t)
T; = fz(:L'l, Zi,t) + u; — e.g. fz(.’l,‘l, Zi(t),t) + ijENi($j — l‘l)

For this case, the blended dynamics is:

2L - gz(él/ Sat)v i€ Na

(blended dynamics) 1 .
5= 2 fils 2 t)
i=1
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Other characterizations of the blended dynamics

1. In case of linear coupling

as k /', the MAS exhibits two-time-scale behavior and becomes singularly
perturbed system:

quasi-steady-state subsystem = blended dynamics.

2. When a MAS is viewed as an input-output system

T fi(z1,t) Uy Y1 x1
= : + 1, =L
TN In(zn,t) un YN TN

where £: Laplacian of strongly connected graph,

zero dynamics = blended dynamics.
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emergent behavior «— heterogeneity + enforced consensus under A*

When a group of heterogeneous dynamics is enforced for consensus under A*,
an emergent behavior arises which is governed by the blended dynamics.

Q: What are these agents doing? o3k > 0s.t., with & > k™,
i = —x1+ 1+t lim ||z;(t) — N||=0, Vi
t—o0

ii=14u!, i=2-... N o _ _
Answer:? Distributed network size estimator!
blended dynamics:
& This behavior is an emergent one. Also,

§= %(_3 +N), s*=N stability is traded.

?(DG Lee, Lee, Kim, & S, CDC 2018)
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Idea of designing a multi-agent system or a distributed algorithm:
1. Build the desired dynamics: $ = fyesired(s,t)  (stable in suitable sense)

2. If fyesired is decomposed as

5= fdeswed S, t Zfz 5 t

3. Assign each f; to each agent, and enforce consensus:

&; = filzi, t) + us

Design a distributed observer for Distributed observer:?

T = Ax, y:CxERN :%Z':A.fi—i-NLi(yi—Cifi’i)-i-ui
Desired observer: & Even if none of the agents are stable,
§= As+L(y—Cs) = A3+Z _LiCys) stability emerges.

a .
(TK Kim, S, & Cho, CDC 2016) 14/35



Application to Distributed Optimization

(SJ Lee & S, AUT 2022) cf. (Wang & Elia, Allerton 2010), (Kia, Cortes, & Martinez, AUT 2015), (Hatanaka, Chopra, Ishizaki, & Li, TAC 2018)

min F(z Z:fZ where F(x): strongly convex
Gradient descent method: Heavy-ball method:
2= -2/az — VF(z)
=-VF(@x)=—=) Vf;
Z Jilw T=2z
Distributed gradient descent method: Distributed heavy-ball method:
& = =V fi(xi) +ug i = —2y/az; — V fi(x;)

acz—zl—i—ul

& Convexity of f; is not assumed 15/ 35



Q2. How consensus gives rise to robustness of group behavior?

robustness of group behavior +— consensus + large number of agents ]

Tabareau, Slotine, & Pham, “How Synchronization Protects from Noise,” PLOS Comp. Biology, 2010

dz; = f(x,t)dt + dW; + Z (xj —ay)dt
JEN;

P = N ;ml — dz, = N ;f(xi,t)dt + N ;dWl

———

_ 1
=vx W

Blended dynamics gets less sensitive to noise as N "
Each agent gets less sensitive to noise

enforced consensus 16/35



We show more robust group behavior
1. against malfunctioning agents

2. against production imperfection

We will also discuss

3. robustness of group behavior against joining/leaving agents
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Coupled oscillators

A group of oscillators whose magnitudes, phases, and frequencies are all different (and
some agents are not even oscillating) when u; =0

/551 + (2] — Dy + via = wy

- . 9 .
o+ po(xy — 1)da + 1022 = U

I3+ ;Lg(.rg — 1)5;33 + v3x3 = Ug

Tima: 0.4 Time: 0.4

25 2 15 A5 0 os 1 15 2 25 -f\?5 2 15 - 05 0 os 1 15 2 25
w/o coupling with coupling

18/35



Coupled oscillators (e Lee & s, coc 2018

/fi:l - ,u,l(:z:% — iy + a1y
o+ ;1,2(3:% — 1)&g + voxo

5 + pa(23 — 1)is + vaxy

Theorem: With the output coupling

u; =k Z (yj —yi) where y;=z;+;
JEN;

the blended dynamics becomes

( ZM> s—l—(isz:Vi)s:O.

i=1

=

= U9

u3
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With large k, synchronized oscillation occurs if and only if

N N

1 1

D BVTE N P} [NOT 1 >0, v >0, Vi
=1 =1

Robustness against malfunctioning agents arises when there are dominating num-
ber of good agents because the blended dynamics has such property:

N
:]{,;fxs)— (2 o+ ¥ 5)

1€Ngood 1€Nbad
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Robustness against imperfect production
/:}51 — ,ul(x% —1)ay + vz =g

# . 2 .
T+ po(x5 — 1)do + 1owe = U

I3+ ,U,g(.&’?% — 1)&3 + v3xs = ug

Randomness in cell creation, or imperfect production, makes the parameters 1; and v;
random variables, e.g., Gaussian ji; ~ N(my,,07.), v ~ N (my,07).

Q: How the multi-agent system becomes robust against imperfect production?

)

A: By a large number of agents!

1 N o2 1 N
NZMNN<mm]\/;), NZViNN<mV>
i=1 i=1

2 ‘tqw
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Robustness against imperfect production (v kim, vans, s, Kim & seo, Tac 2016)

Behavior of randomly generated
coupled-oscillators:

# of generation = 3
for each N = 10,100, 1000

(N =10
(AN =100
(g) N = 1000

3
i
: (’)

bN=10

Y%

()N =100

|V

(h) N = 1000

(HN =100

i) N = 1000
® 22/35



Robustness against joining/leaving agents

Example: How to find the average of distributed data {a;, a2, a3} in a distributed way?

Using ‘average consensus’ algorithm

i’lz Z(l’j—l’l), 131(0):(11

JEM
.fg = Z (:L’j — 1’2), .1?2(0) = a9
JEN2
3= ) (¢j—3), w3(0)=a
JEN3
zi(t) — Gmtatay

3 )

Using ‘blended dynamics theorem’

1 =—x1+a1 —|—u§’|
. PI
To = —T2 + a2 + Uy
T3 = —T3+ a3 +u3PI

a1 + as + asg
3
a1+ az +as
3
a1+ az +as
3 b

s(t) —
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Robustness against joining/leaving agents

The algorithms designed by blended dynamics theorem are “initialization-free”
(i.e., it doesn't depend on particular initial conditions). It is because the blended
dynamics is stable, by which any initial conditions will be forgotten eventually.

Therefore, if a new agent joins the network with arbitrary initial condition, or if
an agent leaves the network with some amount of internal state, it doesn’t cause
any trouble and the group behavior is still governed by the (updated) blended
dynamics. We call this property as “plug-and-play ready.”

If you design a distributed algorithm that processes some information in the agents,
do not put your information in the initial conditions. Put it in the vector fields.

ex: distributed solvers for least square, median, max/min, p-quantile, mode are available in the literature?

2(Lee & S, CSL 2020), (Lee, Kim & S, TAC 2020), (Seong, Kim, Lee & S, Access 2021), (Huang, S, Yu & Anderson, submitted)
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Q3. How different agents perform different tasks in harmony for a global goal?

In order for heterogeneous agents to work in coordination or harmony, there should
be some (hidden) internal variables that are in consensus.

Two examples:
1. Multi-channel stabilization of an LTI system

2. Economic power dispatch problem
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Example: Identical mobile robots that collaboratively move the object

time: 0.2
G wl o w - & ™
’\ﬂ[ - e * . - " - .- 4R
L - .l o
i “"tE - J¥
@ N R T T A
"
‘ - S * “ r 8 el
@ A o “a T - =
- LA & " "
. ' ouT 2
- y s -ll - ..: —_— “ '\_d - o
e R _qgm: e
b i :I G, “ .Pq -
L] . : » 41“ " 4 -'d" 1 . 4
. » L - Do 2
Robots can push or pull the orange object, S s - 'L a o
and the feedback controller of each robot o e = S S IE N = - . 2
- -
computes the amount of force. < . .k Trag ~. -
L1 e e W - *
. . [t - - o
Each controller must be self-organized in P L » W Ve

coordination of other robots.
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Distributed stabilization of multi-channel linear systems?

Control agent:
—
Plant: T = Az + va_l B;u; 3 % can measure y; and generate u;
to be stabilized e 4 N randomly moves around
. . Yi = Cix .
has multi-input-multi-output

o
v S\_ SN - input channel
‘ i i output channel

L} s

o ‘C!u .

when happen to meet the W .
plant, read (4, B;, C;) from L X

the surface, self-organize %. ‘
feedback gains, and start
stabilization

Problem: Design identical control agents for stabilization of the plant

communicate with neighbors
k‘-’ can leave any time

3a problem extended from (Wang, Fullmer, Liu, & Morse, ACC 2020)
27/35



Initial idea: distributed observer + state feedback

First, let us assume
» N ={1,2,...,N} is fixed, and every agent knows N
» each agent 7 knows F; and L;, which satisfy

Fy Cq

A+ [Bl,-~- ,BN] ; and A+ [L1,~- ,LN] : are Hurwitz
Fy Cn

Controller on each robot is designed by (state feedback + distributed observer):

wi=Fi&;, & = A#;+ NBiFi&;+ NLi(Ci#i —ys) + k& D _ (& — )
JEN;
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Idea of distributed design of F; and L;  (Tk kim, Lee & s, TAC 2024)

Pick some (3 such that (A + SI) is Hurwitz. Solve X > 0 for
—(A+BDX — X(A+ BT +2BBT =o.

Take F' by
F Bf x—!
F=-BTx! ie., | =— :
Fyn BL x-1
Then, (A + BF') becomes Hurwitz.

Can we solve X in a distributed manner? Yes. Introduce
X(t)=—(A+BDX(t)— X(#)(A+ DT +2BBT.

Then X (t) — X. So, let us compute X (¢) in a distributed manner!
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Treat

X(t)=—(A+BDX(t) — X(t)(A+ DT +2BBT
=—(A+B8DX({t) - X(t)(A+ BT +2 (BB +---+ ByBY)

as the blended dynamics.

Control agent i runs

X;=—(A+BDX; — X;(A+ BT +2NB;Bf +u%, F=-BI'x;!

7 7

For the observer gain L;:

Y= <YiA+BD — (A+ DY —2NCICi+ufl, Li=Y7'CT
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Proposed (identical) control agent i

J‘Q =1 %—1¢Rﬁ

X;=—(A+BDX; — Xi(A+ BI)" +2N,(t)B;B] +uy,  F(t)=-B/X;!
Vi = ~Y;(A+ BI) — (A + BDTY; — 2N;(t)CT C; + uf!, Li(t) =Y, tor
&; = AZ; + Ni(t)BiF;(t)2; + Ni(t) L () (Cidey — i) + g, u; = Fi(t)a;

This achieves

& distributed operation (no leader, no commander)

& plug-and-play ready

& self-organization; F; and L; are all different but in coordination for the goal of

stabilization; the (hidden) variable to be in consensus is Lyapunov matrices X; and
Y; (cIf)
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Economic Power Dispatch Problem for Smart Grid

In an electricity network, each agent i consumes power d;, and generates power x; with

the generation cost J;(z;).

decides d; and Jy(z1)
wants to know optimal 1

decides ds and J3(z3)
wants to know optimal 22

decides d3 and J3(z3)
wants to know optimal 3

Problem: Find x1,--- , 2y that solve

N N N
minimize Z Ji(zi) subject to Z €T = Z d;,
i=1 i=1 i=1

v e€Xy, Vi=1,--- N

32/35



Centralized solution (standard procedure)

1. Dual function

N
9N = xle}\g,fze/\/(zj zi)+ Z ) Zrl nf ) + A — di)) = Zgi()\)

=1 =1 "€ X7

2. Find \* = argmax g(\) by

A=Vg\) =Vg(\) +--+ Vgn(A)

3. Optimal z:
x; = ®;(\Y)
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Distributed solution (vun s & ann, auT 2019)

Each node ¢ runs
i = Vgi(h) +ul, xi = i (Ng)

1

no private information is exchanged

initialization-free algorithm (plug-and-play ready)

3o 3 3

not a consensus problem of x1,--- ,zy; but, they are in harmony for optimality;
the (hidden) variable to be in consensus is the Lagrange multiplier \;.
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Summary

Q1 How consensus gives rise to emergent behavior?

emergent behavior «— heterogeneity + consensus

Q2 How they remain robust against noise/disturbance, malfunctioning agents,
production imperfection, joining/leaving agents?

robust emergent behavior «— heterogeneity + consensus + many agents

Q3 How different agents perform individual tasks in harmony for global goal?

some (hidden) variable is in consensus

» To design a distributed algorithm or a MAS, thinking of the blended dynamics
from the beginning may help!
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