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Abstract

This article is a supplementary material for the submitted paper [1].

1 Derivation of Main Results of [1]

1.1 Auxiliary Lemmas

First, two auxiliary lemmas used for the proof of main results are introduced. Following lemma states the
ultimate bounds of the linear system. Proof uses elementary techniques from linear system theory and hence

omitted.

Lemma 2. Consider the discrete-time linear system given by
z[k + 1] = Az[k] + d[k]

where A € RVN*N and d[k] is the disturbance. Suppose that A = TAT~! is Schur stable where T € RN*N and
A € CNXN s a diagonal matriz. Also assume that the disturbance is uniformly bounded, i.e., |d[k]|oc < D
for all k > 0. Then for all k > 0, it holds that

D

< k+1
oltlos < WAF ol + 2

D

< klz[0]|0o + T

where k= |T|oo - |T oo and X € C is the eigenvalue of A with the largest modulus. O
Next, consider the discretized solution to the economic dispatch problem [1, Equation (6)]

Ak + 1] = WA[k] + eh(A[k]) (S-1)

and its quantized version [1, Equation (7)]

X[k + 1) = WAY[K] + eh(AU[k]) + A[K], (S-2a)
yi [k] = 7 (A [K]), (S-2b)
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where the quantization error can be written as
ATK] = [WONTR] |, — WASTK] + [ TR AR, — eh(A[K).
For the analysis, consider the discretized solution for the EDP (S—1) under small perturbation given by
Ak + 1] = WALk] + eh(A[K]) + BlK] (S-3)

where B[k] := [B1[k];--- ; Bn[k]] € RY is perturbation. Then, uniform boundedness of (S-3) can be shown
as below.

Lemma 3. Consider the system (S-3) and suppose that Assumptions 2 and 3 of [1] hold (i.e., feasibility of
the optimization problem and connectedness of the communication network). Also assume that |N\;[0]] < M
where M = max;—1_. n(|vi(z;)], |vi(Z:)]) and let € > 0 be a fivzed number. Then for any 0 < p < ve/N, if
Blk] satisfies

1BlF]lcc < p, VE>0,

then A[k] is uniformly bounded. Specifically, A[k] satisfies
[AlK]loo < Bx +1(p), Yk >0,
where By is a positive constant and 1(-) is a class-Ko function. O

Proof. Since W is a symmetric and doubly stochastic matrix, recall that there exist amatrix 7 := [(1/N)1\; R'] €
RM*N and T = [1y Q] such that TWT~! = diag(0,02(W),...,on(W)). Then, define the state transfor-
mation as

I 3 S 3 55
= L =T\= J\][%T)\ ,
where £ € R and §~ € RV~1. Then it follows that
N
§lk+ 1) = €K + 5 D hal€lK)) + 2(€.E. B), (S-4a)
i=1
Elk +1] = ALK] + &(E, €, k), (S-4b)
where € and é are defined as
N
BEE k) = 1 D Bilk] + e(ha(ER) — hal€TH] + QiETH))),
i=1
&(€,6 k) = eR"h(1nE[K] + QE[K]) + RT B[k).

In order to show the boundedness of £[k] notice that
16(€,€, k) |00 < €|R|ooC + | R|oo|BlK]|loc = €+ p =1 Enc,

where ¢ := max;=1, . n |d; — &;(\;[k])|, which exists since #;(-) is a bounded function. Therefore, it follows
from Lemma 2 that £[k] satisfies

€1k + 1o < An—1 (W) HHEO] | + #O:(W)
Eo
R p )
=: Bé,



where we used |R'|., = 1. Moreover, for any Uz > €xo/(1 — on—1(W)), there exists T1 > 0 such that

€k +1]oe < Uz, VT >Th (S-5)

where T} is given by ) ]
In(Us — —=my) — n(1€(0)]s0)
ln(UN,l(W))

T1 =

if [£(0)]o0 > Ug and T = 1 otherwise.
For the boundedness of {[k], let Bg := M + NBg. Then, it can be verified that

hi(€[k]) — ha(E[k] + Qi€[K]) = 0,  VIE[K]| > Be.
Hence, it holds that
e(€,€, k) < p, VK] > Be.
Also note if £[k] > Bg, then it follows from the definition of h;(-) that
N N

[k]) = Zdi - < -7,

i=1 =1

&
~

where the last inequality is due to Assumption 1 of [1]. Similar inequality also holds if £[k] < —Bg. Hence,
¢ is bounded if —ye/N + p < 0, which is equivalent to p < ye/N. Finally, bounds of A[k] can be obtained as

IAK] oo < 11N s0l€loo + |QloolEloo
= [€loo + Né]oo
< Bg-l— NBf~
=M + NB; + NB;

=M +2N (M+e°°>

1—on_1(W)
Jr
— M+2N (M+ el —EUCNIP(W))
2N 2N
— ((zN M+ — UNef(W)) S T a1
=: Bx +1n(p)
for all k£ > 0, where we used |R|s =1 and |Q|s = N. This completes the proof. O

1.2 Proof of Lemma 1 of [1]

First, it can be verified that there exists a function ¢(r,|A4[k]|~) such that the quantization error Alk]

satisfies
|A[k]loe < q(r, [A[k]|), VE >0, (5-6)

where q(r, [A\1[k]|~) is a class-KC function in the first argument and non-decreasing in the second argument.
Now, define a(r) := q(r, By + n(ey/N)) and choose r sufficiently small such that

a(r) = q(r, Bx + n(ey/N)) < ev/N, (5-7)



where 7(-) corresponds to the one defined in Lemma 3.

Rest of the proof is done by induction. For k = 0, we have |A{[0]] < M < B, and hence |A[0]| <
q(r, Bx + n(ey/N)) < ey/N. Since the distributed algorithm is causal, applying Lemma 3 with S[k] = A[k]
implies |A{[1]| < By + n(ey/N). Hence, it follows from (S-6) that |A[1]| < ey/N.

Next, suppose that |A[k]| < ey/N for all k = 0,...,T. Then, it follows from Lemma 3 and causality that
AT + 1]| < By 4 ey/N and that |A;[T + 1]| < ey/N. Hence, this implies \}[k] satisfies

IN{[K]] < By +n(ey/N) =: BY, Vk>0.
Therefore, it also follows that
|A[K]loo < q(r, [M[K]|oo) < q(r, BY) = a(r), Vk=>0.

This concludes the proof.

1.3 Proof of Theorem 1 of [1]

The proof is motivated by [2] which analyzed the continuous-time algorithm. Define the set A*(z) := {\ €
R | |Z£\;1 hi(M\)| < z} and suppose the quantized algorithm (S-2) is transformed as in (S—4). We claim
there exists € > 0 and r > 0 such that £[k] converges to the set A*(f) given a constant # > 0 (bounds for
is determined at the end of the proof). First, suppose that r < r] where 7] is a sufficiently small constant
such that the results of Lemma 1 of [1] hold. Then, we have

1 N
N O K] +e
i=1

where L := max;—1,_n L; and L; is the Lipschitz constants of h;. For simplicity, we only consider the case
when £[k] > 0. Suppose that k > T and £[k] is on the right of the set A*(/2), then the dynamics of &[]

satisfies

N
hi(€Tk]) — ha(ETk] + Qu€[K])| < ZEQ 1€[k]], ¥k >0,

(5-8)

where we use Uz = 2650 /(1 — on—1(W)). Hence, 1 > € > 0 and r > 0 can be chosen sufficiently small such
that

e - ec+ a(r) 16 2ecL/N 2¢eLV/N
_e7 VN2 ST |2 HeRVA 14—V
Fg T ) LV N2 6[ N3 T T ona | T M T
1ed
<-IW (5-9)
Specifically, choose 0 < € < 1 and 0 < r < r5 such that
2¢cLVN el 2LVN el
2 SV o 2 14—V |« 1
Tona) “an o) l 1 —crN_l(W)] <3N (5-10)

where r3 is such that a(rj) < 1. Hence, let < min(r},r3) such that the result of Lemma 1 of [1] hold as

supposed at the start of the proof.



The inequality implies that £[k] converges to the set A*(0/2) with speed of at least —ef/(4N) if £[k] is
on the right side of A*(#/2). Also notice that if £[k] € A*(6/2), it holds that

ec+ a(r)

<
1—on-1(W) A*(0/2)

+

0
— < 6. —
- <0 (S-11)

SRS

ig—f—a(r)-i-eix/ﬁﬂ

€[k + 1] a=0/2) < [E[K] + N

The first inequality of (S-11) follows from the dynamics of £. The second inequality of (S-11) is obtained
by using the inequality (S—10), fact that (e/N)| Zfil hi(E[k])| < €0/2 since £[k] € A*(0/2), and since £[k] is
on the right of the set A*(6/2). Finally, the last inequality of (S—11) holds since ¢ < 1. In conclusion, we
obtain £[k] € A*(0) for all k > Ty + Ty where

8B

_ 1 \!
T5 := ? > ‘S[TlﬂA* . (466‘) .

The distance to the optimal solution can be bounded as
N
R OFIRD) = ki) < D g AR = Ry V)] = D By (N[ = hy(A) | = D ks (NJIRD)| < 6
Jj=1 j

for all k > Ty + T5. Since h;(A\*) = d; — af, it follows that

|2 (N [R]) = 7] < |2 (AR [R]) — 2N [RD)] + |2 (A [K]) — 2]
Hence, choose r sufficiently small such that |z} (z) — x;(z)| < 6 for all |z| < B9. Then, we obtain
|2 NIRD) — 2N R + s (N [R]) — 7] < 20, ¥k > Ty + Tb.

Finally, to show constraint violation is bounded, note

N N
Dodi—afONK) 27| <Y |af - 2l (A[k])] = 2N0, Yk > Ty + T,
=1

=1

N
S di = (1K)

Finally, choose 6 such that max(26,2N0) = 2N < § to obtain the desired result. [ |
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